
THE DIRAC DELTA IS NOT IN Lp

1 Lemma. For each ε P p0, 12 q there exists a function ϕε P C8c pp0, 2qq such that:

(i) ϕεp1q “ 1

(ii) suppϕε “ Bεp1q

(iii) ||ϕε||q ď 1 for all q P r1,8s

Proof. Let

ϕ :

$

’

&

’

%

RÑ R

x ÞÑ

#

expp´x´1q , x ą 0

0 , x ď 0

We inductively see that expp´¨´1q is infinitely-often differentiable in Rą0, and for
any n P N0 we have

dn

dxn
expp´x´1q “ expp´x´1qppx´1q

for a certain polynomial p P RrXs (use the chain rule). Hence, Calculus tells us
that

lim
xÑ0`

dn

dxn
expp´x´1q “ lim

yÑ8
expp´yqppyq “ 0

and we conclude that ϕ P C8pRq.

Now let

ϕε “ px ÞÑ expp1q ¨ xq ˝ ϕ ˝ px ÞÑ 1´ x2q ˝ px ÞÑ
x´ 1

ε
q|p0,2q

which is in C8pp0, 2qq as a composition of infinitely-often differentiable functions.

Note that

ϕεp1q “ expp1q ¨ ϕp1q “ 1

which shows (i). And from

ϕεpxq “ 0

ô

ˆ

px ÞÑ 1´ x2q ˝ px ÞÑ
x´ 1

ε
q

˙

pxq ď 0

ô|
x´ 1

ε
| ě 1

ôx R Bεp1q

we see that (ii) holds, and by taking the closure it follows that ϕε P C8c pp0, 2qq for
ε P p0, 12 q.

It is trivial to see that ||ϕε||8 “ 1, hence for any q P r1,8q we have
ż

|ϕε|
p dλ1

piiq
“

ż 1`ε

1´ε

|ϕε|
p dλ1 ď 2ε||ϕε||8 ď 1

(and the integral exists since the integrand is measurable and non-negative) and
(iii) holds. �
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2 Remark. In particular, ϕε P Lqpp0, 2qq for all q P r1,8s.

3 Theorem. Let p P r1,8s. Then there exists no h P Lppp0, 2qq such that
ż

p0,2q

h ¨ ϕ ¨ dλ1 “ ϕp1q @ϕ P C8c pp0, 2qq

Proof. Assume there is an h P Lppp0, 2qq with the property above.

Let q be the conjugate of p. Further, let ϕε as in the lemma. Then we have

1 “ |ϕεp1q|

“ |

ż

hϕε dλ
1| ď

ż

|h| |ϕε| dλ
1 “

ż

|h1Bεp1q| |ϕε| dλ
1

ď ||h1Bεp1q||p ¨ ||ϕε||q ď ||h1Bεp1q||p

“

ˆ
ż

|h1Bεp1q|
pdλ1

˙
1
p

εÑ0`
ÝÝÝÝÑ 0

(note the use of Hölder’s inequality; the limit follows from the dominated conver-
gence theorem which is applicable as

0
a.e.
ÐÝÝ |h1Bεp1q|

p ď |h|p

and |h|p is integrable since h P Lppp0, 2qq.) Contradiction! �


